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Abstract

The semiclassical and quantum mechanical NMR lineshape equations for a hindered methyl group are compared. In both the

approaches, the stochastic dynamics can be interpreted in terms of a progressive symmetrization of the spin density matrix.

However, the respective ways of achieving the same limiting symmetry can be remarkably different. From numerical lineshape

simulations it is inferred that in the regime of intermediate exchange, where the conventional theory predicts occurrence of a single

Lorentzian, the actual spectrum can have nontrivial features. This observation may open new perspectives in the search for non-

classical effects in the stochastic behavior of methyl groups in liquid-phase NMR.

� 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Recent NMR lineshape studies on hindered methyl

groups reveal that not only at cryogenic but at ambient

temperatures as well the wave-like properties of such

objects are experimentally detectable [1–3]. Certain

features of the resonance signals observed cannot be
reproduced when use is made of the semi-classical Al-

exander–Binsch (AB) lineshape theory [4,5]. The prob-

lem is not in the possible occurrence of coherent

tunneling (for a recent review of this topics, see [6])

which can easily be taken into account in the AB ap-

proach [7–9], but in a classical treatment of the sto-

chastic dynamics. Actually, the lineshape equation

derived within the consistently quantum mechanical
model of damped quantum rotor (DQR) [10] has proven

perfectly adequate for the spectra of CD3 [1] and CH3

[2,3] groups, measured under diverse conditions. The

results obtained for 9-methyltriptycene derivatives in

solution [2,3] are particularly interesting since they pose

a challenge to the popular view that, at ambient tem-

peratures, molecular rate processes are par excellence
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classical. In the present paper, a comparison of the AB

and DQR lineshape equations is made. It is shown that

in both the classical and quantum pictures, the sto-

chastic dynamics can be viewed as processes of a pro-

gressive symmetrization of the spin density matrix. The

symmetry that emerges in the limit of motional nar-

rowing is the same in both the pictures. However, in the
regime of intermediate exchange the predicted signal

shapes can be remarkably different, which may be of

interest in experimental studies of the methyl group

dynamics in liquids.

In the AB approach, the stochastic dynamics are

pictured as a sequence of classical jumps of a hindered

methyl group between its three equivalent, equilibrium

orientations [9,11]; they are described by a single rate
constant k ¼ 1=ð2sÞ, where s is the mean residence time

in a given orientation. In the DQR model [10], these

dynamics appear as quantum rate processes parame-

terized by two rate constants, kt and kK. They measure

damping rates of two specific quantum coherences be-

tween the torsional sublevels A, Ea, and Eb of the methyl

rotor, where the labels denote the irreducible represen-

tations of the relevant permutation symmetry group
isomorphic with C3. Specifically, kt involves the so-

called tunneling coherence which engages the pairs
erved.
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ðA;EaÞ (or ðA;EbÞ), while kK describes the so-called
Kramers coherence comprising the pairs ðEa;EbÞ. Both
the coherences are temperature-dependent combinations

of the corresponding coherences at the individual tor-

sional levels. For methyl groups exhibiting resolved

tunneling patterns in the inelastic neutron scattering

spectra at cryogenic temperatures, the rate constants kt
and kK can be identified with the widths of the inelastic

and quasielastic scattering lines, respectively [12–14].
Table 1

Irreducible representations of the C2v symmetry group

Eð1̂1Þ C2ðÛUÞ rðV̂V Þ r0ðV̂V �Þ

A1 1 1 1 1

A2 1 1 )1 )1
B1 1 )1 1 )1
B2 1 )1 )1 1
2. Theory

The DQR lineshape equation, formulated in the way

exposing its relationship to the AB equation, reads:

dq̂q=dt ¼ � i

�h
ĤHs

�
þ hD

3
ðP̂P þ P̂P�1Þ; q̂q

�
� kK

3

� 2q̂q
�

� P̂P q̂qP̂P�1 � P̂P�1q̂qP̂P
�
� kt � kK

2
ðq̂q � ÛU q̂qÛUÞ;

ð1Þ

where ĤHs is the standard NMR Hamiltonian of the

three identical nuclei in an orientationally localized

methyl group, P̂P is the (unitary) operator of cyclic

permutation of the spin coordinates of these nuclei, and

ÛU is a unitary selfinverse operator defined according to

[10]:

ÛU ¼ 1

3
½2ðP̂P þ P̂P�1Þ � 1̂1�: ð2Þ

In Eq. (1), the effect of coherent tunneling is described

by the term dependent on D, where D is the oscillation

frequency of the tunneling coherence (i.e., a tempera-

ture-dependent combination of the tunneling splittings

Dn ¼ ðEðnÞ
A � EðnÞ

Ea;b
Þ=h at the individual torsional levels).

For spin-1/2 nuclei, it can be expressed as an appropri-

ate J-coupling Hamiltonian, with the coupling constant

Jt ¼ 2D=3 [8].
When kt and kK happen to be equal, the DQR

equation becomes formally identical with the AB

equation for the classical rate constant k ¼ kt=3
(¼ kK=3). In the Liouville representation, where q̂q is

treated as a column vector (superket) jqi, the dissipative
part of the AB equation can be expressed as

�3k
1

3
ð21̂1

�
� 1̂1� � P̂P � P̂P � � P̂P�1 � P̂P�1�Þ

�
: ð3Þ

The superoperator in square brackets can be recognized

to be the sum of the group superprojectors Qc, con-

cerned with the irreducible representations c ¼ Ea and

Eb ð¼ E�
aÞ of C3, where EaðC1

3Þ ¼ � and EaðC2
3Þ ¼ ��,

with � ¼ expð2pi=3Þ. Because the sum of all three su-
perprojectors Qc; c ¼ A;Ea;Eb, is the unit superopera-

tor 1 ¼ 1̂1� 1̂1�, with an increasing magnitude of k the

rate process described in the AB equation can be viewed

as a progressive damping of the coherences that are
comprised by the symmetry partitions QEa
jqi and

QEb
jqi of the spin density superket. In the sequel, such a

damping process will be briefly referred to as damping

of the symmetry partitions themselves. For large values

of k, the observable properties of the spin system are

determined by the totally symmetric projection,

jqAi ¼ QAjqi, only. In that regime, only the projection

QALQA of the spin superHamiltonian L is relevant. The

corresponding motionally averaged Hamiltonian has
the familiar form

ĤHav ¼
1

3
ĤHs

�
þ P̂PĤHsP̂P�1 þ P̂P�1ĤHsP̂P

�
þ hD

3
ðP̂P þ P̂P�1Þ ð4Þ

and its effective nuclear permutation symmetry is iso-

morphic with C3. Note in passing that the funda-

mental chirality of the methyl group in an external

magnetic field, whose spectacular manifestation is the

effect of rotational polarization [15], has never been

observed in NMR lineshape experiments. Therefore, in
the limit of rapid exchange the effective symmetry of

the methyl group is normally assumed to be isomor-

phic with C3v.

The quantum rate processes described in the DQR

equation can also be interpreted in terms of a progres-

sive symmetrization of the spin density superket and,

accordingly, of the spin Hamiltonian. The stochastic

terms in Eq. (1) can be rearranged in such a way that the
contributions of the rate processes described by kK and

kt are separated [1], namely,

� kK
4

q̂qðtÞ
h

þ ÛU q̂qðtÞÛU � V̂V q̂qðtÞV̂V � V̂V �q̂qðtÞV̂V �
i

� kt
2
½q̂qðtÞ � ÛU q̂qðtÞÛU �: ð5Þ

where V̂V is a unitary selfinverse operator analogous to

ÛU ,

V̂V ¼ 1

3
2ð��P̂P
h

þ �P̂P�1Þ � 1̂1
i
: ð6Þ

Because the product of any two of the (selfinverse)

operators ÛU , V̂V , and V̂V � gives the third, they form a

group isomorphic with C2v. (In [1], the operators ÛU , V̂V ,
and V̂V � were needlessly taken with the opposite sign,
what was irrelevant for the formalism presented there-

in.) The irreps of C2v are given in Table 1. It may seem a

surprise that in the description of an object whose nat-

ural symmetry is threefold there appears a symmetry

group of order 4. Actually, the unitary operators ÛU , V̂V ,
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and V̂V � are in a straight way related to the group pro-
jectors Q̂QA ¼ 1

3
ð1̂1þ P̂P þ P̂P�1Þ, Q̂QEa

¼ 1
3
ð1̂1þ ��P̂P þ �P̂P�1Þ,

and Q̂QEb
¼ Q̂Q�

Ea
, of C3:

ÛU ¼ 2Q̂QA � 1̂1;

V̂V ¼ 2Q̂QEa
� 1̂1;

V̂V � ¼ 2Q̂QEb
� 1̂1:

ð7Þ

The relationships between the group projectors of C3

and those of C2v, ŜSc, where c ¼ A1;A2;B1;B2, are trivial,

because Q̂QA ¼ ŜSA2
, Q̂QEa

¼ ŜSB1
, and Q̂QEb

¼ ŜSB2
, while

ŜSA1
¼ 0. In Liouville representation, this is no longer so.

After some simple matrix algebra in which use is made

of the definitions of ÛU , V̂V , and V̂V � in Eq. (7), one arrives

at the following equalities for the corresponding group
superprojectors:

SA1
¼ QA ð8Þ

and

SA2
þ SB1

þ SB2
¼ QEa

þQEb
: ð9Þ

Now, the dissipative term in Eq. (5) multiplied by kK
can be recognized to be the group superprojector SA2

of

C2v,

�kK
1

4
ð1̂1

�
� 1̂1� þ ÛU � ÛU � � V̂V � V̂V � � V̂V � � V̂V Þ

�

¼ �kKSA2
: ð10Þ

Similarly, the term multiplied by kt in Eq. (5) is a sum

of the group superprojectors Sc concerned with the

irreps c ¼ B1 and B2 of C2v. The quantum rate pro-

cesses described in the DQR equation can thus be

viewed as damping processes of the symmetry parti-

tions Scjq >, where c ¼ A2;B1, and B2. Because for
c ¼ A1;A2;B1;B2 the superprojectors Sc sum up to 1,

only the partition jqA1
i ¼ SA1

jqi will survive for fast

damping. From Eq. (8) it therefore follows that for

both the AB and DQR equations, the motionally av-

eraged symmetries of the spin density matrix are ex-

actly the same. Accordingly, the motionally averaged

spin Hamiltonian is exactly the same as that arrived at

in the limit of fast classical exchange (Eq. (4)). Also,
the part of jqi that ultimately undergoes damping, jqdi,
is the same in both the approaches. However, on

passing from the classical to the quantum picture of

the stochastic dynamics, the uniform damping process

of jqdi, with the classical rate constant 3k, undergoes
splitting into two such processes. Now, the part jqA2

i of
jqdi is damped with the rate constant kK while the re-

maining part, jqB1
i þ jqB2

i, is damped with the rate
constant kt. It is important to realize that such a di-

versification of the damping rates can be maintained

also in the regime of motional narrowing. In what

follows, a possible significance of the latter observation

for liquid-phase NMR studies on strongly hindered

methyl groups is considered.
3. Discussion

For the already mentioned 9-methyltriptycene deriv-

atives [2,3], separate signals of the anisochronous methyl

protons could still be observed at temperatures as high

as 220K. In that slow exchange region, the nonclassical

character of the rate processes could easily be detected in

the spectra. The degree of nonclassicality in the sto-

chastic dynamics of methyl groups can be defined as the
ratio c ¼ kt=kK (although, in view of what was said

above, it may be disputable whether for c approaching 1

the dynamics do become classical). For two of the

triptycene derivatives investigated, the values of c, de-
termined in the slow exchange region, are about 1.20

[2,3]. For most compounds containing methyl groups,

the potential energy barriers involved are much lower

than in these triptycene derivatives so that the regime of
slow and moderate exchange might be inaccessible ex-

perimentally. However, the possibility of accessing the

regime of intermediate exchange may be quite realistic.

From the perspectives of the AB theory, the spectrum of

the methyl protons would lack any non-trivial features

in that regime: as long as the magnitude of the classical

rate constant k=ð2pÞ remains fairly greater (say, by more

than a factor of 3) than the span of the relevant Larmor
frequencies, the spectrum would appear as a superpo-

sition of Lorentzian signals centered at the average fre-

quency and having the same width. In the case where the

methyl protons form an A2B spin system, to which the

following discussion will be confined, the full-width-at-

half-height of such signals is approximately equal to

8pd2=ð27kÞ, where d is the Larmor frequency difference

between the sites A and B, which is assumed to be much
larger than the spin coupling constant, J (the possible

contribution to the latter of the coherent tunneling may

be of the order of a hertz [3]). In order to see whether the

nonclassical effects in the stochastic dynamics can still be

detected in the regime of intermediate exchange, nu-

merical simulations using the DQR equation were per-

formed for the values of the ‘‘classicality factor’’ c from
the range 0.6–1.75. At a first sight, the calculated spectra
do resemble single Lorentzians whose apparent widths

are nearly the same as the width of the ‘‘classical’’

spectrum calculated for the value of k ¼ ð2kt þ kKÞ=9.
However, a consideration of the pertinent, second-order

perturbation expansion of the spectral matrix reveals

that the individual overlapping Lorentzians, which

contribute to the averaged spectrum, would in general

have unequal widths. For values of c substantially de-
parting from 1, these widths can be considerably dif-

ferent. However, a unambiguous experimental

identification of such differences may be difficult. In our

studies in the slow exchange limit [2,3], the spectra

obtained from the FID signal collected after the

Carr–Purcell echo sequence ðp=2Þx � s � ðpÞx � s [16,17]
afforded a better visualization of the inadequacy of



Fig. 1. Dependences on the echo time of the full-widths-at-half-heights

of theoretical Carr–Purcell echo spectra of methyl protons forming an

A2B system. The calculations were performed, using the DQR line-

shape equation, for the Larmor frequency difference d ¼ 500Hz, and

for the displayed values of c ¼ kt=kK, where the values of kt and kK
were chosen such that the value of ð2kt þ kKÞ=9 be equal to

2p � 2000 s�1 (¼ k, see text); with such a choice, the calculated spectra

are in the regime of intermediate exchange. The instrumental and T2-
relaxation line broadening 1=ðpT �

2 Þ ¼ 0:5Hz was assumed.
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the AB model than the standard spectra (following a
common mispractice, in [2] the former were called

Hahn-echo spectra). In the present context, use of such

CP-echo spectra may also be advantageous: unlike for a

true Lorentzian signal, for a superposition of Lorentz-

ians with different widths the overall signal shape would

be dependent on s. In order to get some insight in how

exactly the shape of a broadened signal could be mon-

itored, we performed experimental tests on a signal with
a true Lorentzian shape. This was the methyl proton

signal in 2-(dimethylamino)-4-cyanopyridine, DMACP.

In DMACP, the symmetric doublet of the two aniso-

chronous N-methyl groups undergoes coalescence at

about 240K, due to accelerated reorientation of the

dimethylamino group around the partially double C2–N

bond, and on further temperature increase it quickly

becomes a pure Lorentzian. For the above-model system
(3mg DMACP dissolved in 0.8ml CD2Cl2), the echo

spectra for a series of s values were measured on our

Bruker Avance DRX 500 NMR spectrometer in a single

run, with cyclic repetition of the CP sequences for the

individual ss. At 252K, the full-widths-at-half-height of

the (exchange-averaged) methyl proton signals, about

16.5Hz, were constant to within 0.2Hz for the range of

s of 100 ls (the ‘‘zero’’ echo time) to 40ms, over which
the signal amplitude drops by a factor of 50. Upon

appropriate renormalization of the amplitudes, all of the

echo spectra were fully superposable onto one another.

At 263K, where the FWHH is about 9.9Hz and the

range of s was 100 ls to 80ms, the reproducibility of the

signal shape was even better (here, on passing from

s ¼ 100ls to s ¼ 80ms, the amplitude decreases 150

times). For the signals that comprise overlapping Lo-
rentzians of different widths, one would observe a dif-

ferent behavior: a narrowing of the overall signal with

increased echo time, due to gradually decreasing con-

tribution of the broader components.

In Fig. 1, for theoretical echo spectra of a methyl

group, calculated using the DQR equation, nonclassical

effects in the stochastic behavior are illustrated in terms

of a decrease with increased echo time of the apparent
FWHH of the echo spectrum. In view of the test results

described above, it is seen that in the instances where c
falls outside the range 0.8–1.25, nonclassical character of

the stochastic methyl dynamics can in principle be de-

tected in the CP-echo spectra, although only at a qual-

itative level and with essentially no possibility to

distinguish between the eventualities of c < 1 and c > 1.

Nevertheless, the above inferences may open new per-
spectives in the studies of non-classical behavior of

methyl groups in liquids, since the class of methyl-

bearing compounds for which the regime of intermedi-

ate exchange can be accessed may be quite broad.

The simple procedure of monitoring differences be-

tween the CP-echo spectra measured for different echo

times could be used in the instances where the exchange
broadening is much greater than both the relaxation and
field-inhomogeneity broadenings. Its drawback (involv-

ing also the standard spin–echo methods of T2 mea-

surements for strongly broadened signals [17]) is the

requirement that the spectral region near the exchange-

averaged signal be free of even traces of narrow impurity

signals; a strong increase of such signals for long echo

times may bias a proper location of the baseline under

the signal of interest. Suitably purified samples of se-
lected methyltriptycene derivatives, which we expect to

obtain soon, will be used in such studies in the near

future.
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